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Synopsis
The solutions of unsteady phreatic flow toward a
partially penetrating well in an aquifer of finite thick-
ness are described. Firstly the solution for a confined
aquifer is shown. In this case,three methods of analyz-
ing field data with partially penetrating well are given,
that is,"Log-Log Method, Log-Log Distance Drawdown Method
and Jacob's Method Ajusted for Partial Penetration".
By using these methods the hydraulic conductivities and
the specific storage of the aquifer may be determined.
Secondly the solution for an,unconfined aquifer is
shown. In this case,also two methods of analyzing field
data with partially penetrating well are given. By using
these methods, the anisotropic permeability and the stor-
age coefficientCeffective porosity) of the aquifer may
be determined.
Moreover in each case, the effects of partial pene-
tration are discussed and the limits of adapting the Theis'
and Jacob's methods are setted. From these analytic re-
sults, some cosiderations are added to determine the
anisotropy of permeability and to evaluate the storage
coefficient.
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1. Introduction
aquifer
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~leads to a more complicated pressure
distribution pattern around the
", N
pumping well than is the case with Impervious bottom Fig .1.1
complete penetrat ion. Aquifer with partially penetrating wells.,
This produces pressure changes in the aquifer that may by substan-
tially above or below those that would be predicted using the Theis'
To obtain the formation ccnstants from pumping test data, Theis'
Method or Jacob's Method are commonly used. However, we are often con-
fronted with the case in whicQ we c~n not obtain the formation constants,
using their methods. For this problem, it is necessary to consider again
the assumptions on which Theis' and Jacob's Methods stand as follows:
(1) Flow within the porous medium obeys Darcy's Law.
(2) The layer is homogeneous and istropic with respect to permeabil-
ity.
(3) Storage coefficient is time independent.
(4) The system is considered to be of infinite radial extent with
the well at its center.
(5) Only single phase(or saturated) flow occurs in the aquifer.
(6) The well is assumed to have no surface of seepage.
(7) Head losses through the well screen are neglected.
(8) The pumping well is totaly penetrated in the aquifer.
It seems that some assumptions of those do not satisfy the conditions
of field pumping test. In this conception, we consider that it is quite
common in developing aquifer storage projects not to open up the entire
aquifer thickness. In other words, the last assumption dose not satisfy
the conditions of pumping test. Therefor, it is necessary to understand
the effects of partial penetration and to consider the deviations from
simple radial flow. Q pum ing well
As illustrated in Fig.l.l, in
this case, water moving toward the
pumping well has to converge in some
manner into the open well from all
parts of the aquifer. This diversion
of flow-lines from the holizontal
solution.
There may be situations where the total thickness of the aquifer is
not known. As will be discussed below, the effects of partial penetra-
tion may be used to determine the thickness of the aquifer or,that part
of the total thickness that is responding to the pumping test, and may
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be considered the anisotropy of permeability.
Therefore, the pumping test with pertially penetrating well would
be more useful than that with cornpletly penetrating well.
In this paper, methods of handling pertiall penetration problems
are discussed.
2. Analytic Solution for Partially Penetrating Well in a Confined
Aquifer
r
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: :. Confined aquifer
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homogeneous,anisotropic
and extend infinitelly
with impermeable clay
layers above and below.
(2) The aquifer
shall also be considered
to be horizontal and wa-
ter saturated at all
times.
Wells,of which the water-entry section is less than the aquifer they
penetrate, are called partially penetrating wells. Unlike the flow to-
ward completely penetrating wells where the main flow takes place essen-
tially in planes parallel to the bedding planes of the formation, the
flow toward partially penetrating wells is three-dimensional. Conse-
quently, the drawdown observed in partially penetrating wells will de-
pend, among other variables,on the length and space position of the
screened portion(water-entry section) of the observation wells, as well
as on that of the pumping or flowing well.
In aquifer where the horizontal conductivity is several times great-
erthan the vertical, the yield of partially penetrating wells may be
appreciably smaller than that of equivalent wells in isotropic auifer.
In treating the problem of flow toward partially penetrating well
(Fig.2.1),the following assumptions are made
(1) The aquifer is
Impervious bottom
Fig.2.1
Partially penetrating wells in a confined aquifer.
(3) The conductivi-
ties of main aqufer in
the horizontal and ver-
tical directions have
different,but constant values, k ,k ,respectively.
r z
(4) The well is of a vanishingly small radius and discharging at
a constant rate.
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2.1 Basic Equations and Solution
The differential equation that describes the fluid movement is
given by
(2.1)
where the hydraulic head, h(= ~+z ), is now a function of r~z,and t.
The initial and boundary conditions to be imposed on the solution are
as follows:
h(r,z,O)=H
h ( 00, z, t) =H
(head initially constant)
(head at infinity remains constat)
(2.2)
(2.3)
ahaz (r,O,t)=O (no flow across upper boundary) (2.4)
ah
-az-(r,b,t)=O (no flow across lower boundary)
lim 2nk rfb~_~ ~hdz=_Q
r->-O r or
(flow rate into well of zero
radius remains constat) (2.6)
Hantush has studied this problem for a more complicated situation where
there is also clay leakage into the aquifer that is being pumped[1,2].
By imposing the condition of no clay leakage,i.e.Eqs.(2.4),(2.5), the
Hantush's solution simplifies to
(2.7)
, l;=H-h,
Q
* *l;r=N (u r ) +f (ur ' rib, Vb, z/b)
* 4nk b
l; = r
r
where
Noting that
-w
W(u );foo -~dw
r u w
r
(well function) (2.8)
and
** 2b 00 1 nnz. nn~ 00 (TInr )2 dwfeu ,r /b,~/b,Z/b)=--n- E ---COS(---b )s1n(---b )fU exp[-w- 4wb2 l--Wr n Yv n=1 n r
where
* ---r =/k Ik r
z r
(2.9)
(2.10)
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describing another form of the Hantush solution
r**=foo e-w[ I {erf(2nb+t+z)!w_ f{2nb-t-z)!w + f{2nb+t-z)!w~r u W n=l * er * er *
r r r r
_erf{2nb-;+z)!w +erf{t+z~!w _erf{t-z~!w]dw (2.11)
r r r
where
for infinite
** 81Tk tr
I;r Q I;
aquifer thickness(b+oo )
-w !-1;**=100 ~ { erf{t-z) w
r u w *r r
+erf{HZ~!W}dW
r
(2.12)
SUbstitutingk ~k =k in Eq.(2.7), the. solution for an isotropic
r z .
aquifer is obtained as follows:
where:
*I; = W{u) +f{u,r/b,t/b,z/b)
u=4{k/S )t
s
(2.13)
(2.14)
(2.15)
Javandel shows in some detail how Eq.(2.13) can derived and has used
a heat transfer model as an indepent means of verifying the solution.[3]
By comparing Eq.(2.13) with the Theis' solution for the pumping well with
complete penetration, it is evident that feu ,r /b,t/b,z/b) is simply
added to the exponetial integral to describe the effects of partial pen-
tration. For full penetration, t is equal to b in Eq.(2.13) and the re-
sule is the same of the Theis' solution. Therefore,Eqs.(2.7),(2.13) are
defined as general solutions for pumping test in a confined aquifer.
For relatively large values of time, the function feu ,r/b,t/b,z/b)
r
can for all partical purposes, be replaced by 2KO{n1Tr/b) in which case
Eq.(2.13) becomes independent of time as follows:
(2.16)
2.3Q
1;= 41Tkb log{t/r 2 )-log{S /exp{f )2.25k)]s s
(2.17)
4b 00 1 n1Tr . n1Tt n1TZf = -- E - KO(-b-)s~n~b)cos~b )s 1Tt n=l n
(2.18)
in which KO is the zero-order modified Bessel function of the second
kind.
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2.2 The Effects of Partial Penetration
The effecs of partial penetration on the drawdown around a pumping
well is shown in Figs.2.2a,2.2b and2.2c. The variation is for a vicinity
of well in an isotropic aquifer(k =k )Regardless of the location of the
r z'
wells and the space position of their screens, the time-drawdown curves,
at relatively large values of time(t>S /k r 2 ), will have approximately
s
the same slope. This slope is the same as would obtained if the pumping
well completely penetrates the aquifer. In other words, the effect of par-
tial penetration has attained its maximum value.
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Fig.2.2 a
Drawdown characteristics for partially penetrating veIl in a confined aquifer
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Fig.2.2 b
Drawdown characteristics for partially penetrating well in a confined aquifer.
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Fig.2.2 c
Drawdown characteristics for partially penetrating well in a confined aquifer.
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s* versus t* from Eq.(2.13) for infinite radial case
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screens, it is pos-
sible for a more distant well to reflect a greater drawdown.
A partially penetrating well will discharge less than a completely
penetrating well if the two are operated at the same pumping level,
other condition& controlling the flow remaining constant. If they are
distance wells, one
of zero penetration
and the other screen-
ed throughout its
depth of penetration.
Noticing it shows
that two wells equal-
ly distant from a
partially penetrating
pumping well may re-
gister two different
drawdowns. In fact,
depending on the
length and the rela-
tive positions of the
If the observation well is relatively apart (r/b>O.5) , the drawdown
is given by the Theis' formula. In other words, the drawdown in such a
well is not affected by partial penetration; it is the same as though
the pumping well completely penetrated the aquifer. Hantush has also
discussed the wells located at r/b>1.5; regardless of the space position
of its screen.[l]
Fig.2.3 compares
the drawdowns ob-
served in two equally
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pumped at the same rate, however, the pumping level of the former will
be lower than that of the latter.
Pumping at the same level, the yield of partially penetrating well
in an anisotropic aquifer(k ~k ) will decrease with decreasing k /k ,
r z z r
other conditions being the same. The effect of the anisotropy decreases
as the well penetration incrrease,as shown in Fig.2.3.Note in Fig.2.3
that the following dimensionless time is used for the abscissa.
* I 2t =-4-=(k/S ) (t/r )
u s
(2.19)
If k /k does not differ greatly from unity, the anisotropy will not be
r z
of particular consequence except for very small penetration. On the
other hand, should k /k be very small, the anisotropy of the aquifer
z r
may cause an appreciable decrease in the yield of the partially pene-
tratingwell Ifk
z
should actually vanish, the flow toward the well will
become purely radial, confined to the part of the aquifer in which the
well is screened.
2.3. Methods of Analyzing Field Data
In evaluating the resuls of a pumping test where partial penetration
must be considered i.e. where r/b<O.5, one needs to know the geological
conditions of the aquifer under investigation. In drilling the explora-
tion wells, a considerable number of cores will often be taken, and an
analysis of the porosity of these samples provides valuable data on the
nature of the aquifer. Such cores, of course, provide only a very small
sample of the total aquifer system. Thus, the results of a pumping test
can be very helpful in providing an additional source of reliable data.
In the field of hydrology, basic methods of analyzing field data
have been developed; Log-Log Method,Log-Log Distance Drawdown Method,
which will be discussed below. In addition, Jacob's Method Ajusted for
Partial Penetration, which is a variation of Jacob's Method, will also
be presented.
All of the above methods require data that are measured in observa-
tion wells at some distance from the pumping well. If one could measure
fluid levels in the pumping well itself, similar analysis could be made
but it is rarely possible to keep the pumping rate exactly constant.
Thus, the fluid levels may fluctuate rapidly, making it difficalt to get
reliable data. The depth to the pumping fluid level will, of course, be
much greater than in the observation wells, and this may make it diffi-
cult to obitain accurate measurements. For these reasons, an analysis of
the drawdown data in the pumping well is not often made.
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2.3.1 Log-Log Method
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In the Log-Log Method, one can use graphical methods similar to
Theis' Method. Knowing the values of ~/b and z/b one can prepeare a
* * *graph of log s versus log t (t =1/4u) for the appropriate rib between
pumping and observation wells. As is evident from Fig~2.3, separate curves
will have to be prepared for each observation well, unless the values of
the three ratios(~/b,z/b,r/b) are identical.
When the drawdown data from each observation well have been plotted
on log-log paper with the same dimensions per cycle as used above, one
can match the field results to the theoretical curve in the same manner
as is done when using the Theis' curve. When the curves are matched,
one can read the dimensionless parameters that correspond to each point
of field data. It will be found that one can also choose any point of
the curve of field data and still obtain the same result by using the
* *appropriate values of sand t for that particular point.
An equivalent value s* can be determined for any s measured in the
observation well and an equivalent value of t*, for the corresponding
value of real time, t. The permeability can be calculated from Eq.(2.14)
k=~41Tbs
and the compressibility factor from Eq.(2.19)
* t5 =kt (~)
s r
(2.20)
(2.21)
The compressibility result obtained in this manner should give a
value that is of the same order as the compressibility of water. At the
reservoir conditions that will generally prevail in water storage ope-
rations, the ,compressibility of water is about 4.6xlO- 11 cm- 1
2.3.2, Log-Log Distance Drawdown Method
When the aquifer is cosidered anisotrpic, the permeability must be
evaluated k and k respectively. In this case, it is necessary to de-
r z
velop a new method and the " Log-Log Distance Drawdown Method " is a
variation of the log-log method. Knowing the values of ~/b and z/b, one
can prepare a graph of log s; versus log t; similar to that shown in
Fig.2.4, and
t*=__l__ =(5 /k ) (t/r*)2
r 4u s r
r
(2.22)
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As is evident from Fig.2.4, 8eparate curves will have to be prepared
for each r*/b. Here, as r* is dependent on a horizontal conductivity k
r
and a vertical conductivity k , estimating the values of Ik /k , sepa-
z z r
rate curves of r*/b will have to be prepared for each observation well.
When the drawdown data from each observation well have been plotted
on log-log paper with the same dimensions per cycle as used above, one
can match the field results to the theoritical curve in the same manner
as is done when using the Theis' curve. One obtains a graphical solution
by placing the field results on top of the theoretical solution and shif-
ing the plots, keeping the axes parallel, until the field data fallon
the theoretical curves, when the curves are matched, one can read the
dimensionless parameters that correspond to each point of field data and
still obtain the same result by using the appropriate of ~* and t* for
r r
that particular point.
At any datum point, one therefore reads the drawdown ~, and its cor-
responding value of ~:. The horizontal conductivity k
r
, of the aquifer
being pumping may be calculated from
*
k =~ (2.23)
r 41Tb~
Having obtained the horizontal conductivity, one reads from the same
data point used above, the radial distance r,of a observation well and
the dimensionless parameter r*. The vertical conductivity k , may be cal-
z
culated from
*k =k (-E..) 2
Z r r (2.24)
z/b=O.O~/b=O.l
'\ Theis solution
0.1
l.0
permeability from:
The compressibil-
i ty factor may be calcu- 't/"' 10
lated using the elaps- ;
~de pumping time t and 00
'"its corresponding val- ~J:;
ue of t;,and the above '"
'"determined vertical ~
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Fig.2.4 ~;* versus t** from Eq(2.7) for each r*/b.
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2.3.3 Jacob's Method Ajusted for Partial Penetration
zjb=O.O
0.02.
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o .8
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(1) On the observed semilogarithmic
During the time' period in which the ultimate semilogarthmic straight.
line forms, the drawdown is given, depending on the well observed,bY
Eq.(2.16) or Eq.(2.17). Because the s~cond term of these equations are
constant with time, it is clear that Jacob's method can be applied if the
numeric~l value of this constant can be obtained. The procedure is as fol-
lows: 100
J1/b
a.01 ....._'"-................Jo.&-......._-'--..L...........................
V.Ol 0.1 1 1.5
rib
S _[2.25kt 1 (f)s - r 2 ·exp s
plot, construct the ultimate straight
line and extend it to the zero-drawdown
axis.
(2) Obtain the slope, (m=~~/cycle)
of this line and its time intercept,
(t/r 2 ) on the zero-drawdown axis.
(3) the permeability can be calculat- f
ed from Eq.(2.17) s
k=2.3Q
4nbm (2.26)
(4) compute exp(f ) from Eq.(2.18)
s
interpolatlng" r/b,~/b,z/b as shown in
Fig.2.5. 0.1
(5) Then calculate the c?mpressibility'
factor from
Fig.2.5
The relation of f versus rib .
s
2.3.4 Trial and Error Method for Unknown Aquifer Thickness
In general, the thickness of aquifer is assumed from the boring
logs that- have been obtained from boring a pumping we;l and observation
wells. But sometimes one problem that has arisen in connection with the
aquifer being pumped is that the total thickness may not be known pre-
cisely from the boring logs. The question has therefore been raised how
pump test results can be used to determine the total thickness of the
aquifer that is responding to the pressure disturbances caused by the
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the water removal.
Since there are normally several wells available for observation
purposes at the time of the pump test, it is quite likely that one or
more of these wells will be located for enough from the pumping well that
the distance r will exceed 0.5 times the aquifer thickness b. In this
event, one should first analyze the drawdown behavior of the distant ob-
servation wells where it is reasonably certain that r>O.5b. In this case,
the Theis' solution can be employed directly because the effects of par-
tial penetration should be nil. Once one has obtained a match between
field data and the Theis' curve, the tatal effective permeability- thick-
ness can be calculated from
Q r*T=kb=---"-4n z: (2.28)
On the basis of the core analysis results from wells that have been
completed in the aquifer, one should have an approximate idea of the av-
erage permeability, and thus the first estimate of b can be determined
from the value of kb obtained in Eq.(2.28). Appropriate curves of z:* ver-
sus t* can then be prepared for each well where r<O.5b since the neces-
sary ratios (l/b,z/b,r/b) can all be calculated. If the observed field
data make a satisfactory fit to these curves of dimensionless values,
one can again calculate kb and compare with the results previously ob-
tained for wells with r>O.5b. However,if the field data do not give a
good match because they lie above ( or below) the theoretical curve, the
assumed value of b must be reduced (or increased). This process can be
repreated on a trial and error basis until a satisfactory match is ob-
tained. In this manner, both band k can be betermined.
2.4 Analysis of Pump Test Data
The following discussion gives example calculations for the methods
given above,except " Log-Log Distance Drawdown Method". The pump test
data are taken from a real aquifer project that is located in Okayama
City. The geologic conditions obtained from wells logs is shown in
Fig.2.6. The water level of the sand-gravel layer under G.L.-13m is dif-
fernt from that of the upper gravel layer; therefore, the sand-gravel
layer is revealed a confined aquifer. A test well to check the thickness
of the sand-gravel layer was penetrated into the depth of G.L.-30m,
thickness could not be ascertained though. The pump test data are taken
from a hypothetical case where both pumping and observation wells partial-
ly penetrate the aquifer of unknown thickness. The depth of penetration
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in each observation well is 20m and
that of penetration in the pumping
well is 25m" as shown in Fig. 2.6.
The pump test was performed on
this project using an average rate
of 7xl0 3cm 3/sec for a period of 30
hours. Fluid levels were measured
in observation wells.
2.4.1 Log-Log Method and Trial
and Error Method
Fig.2.6
The geologic conditions of the field
As a first trial in analyzing the drawdown data of this punping test,
b=lOOm was assumed, trial curves were compared with the drawdown data.
Trial curves did not give a satisfactory fit to the field data, indicat-
ing the ~ssumed aquifer thickness of 100m is too high.
A second trial curve of ~* versus t* was constructed on the assump-
tion that b=30m. Trial curves either did not fit the field data.
A third trial of b=50m was assumed.The parameter ~/b is obtained for
the pumping well
~/b=25/50=0.5
wells also have penetrations of 20m, then z/b is obtained
z/b=20/50=O.4
and radial distances of each well to obtain
No.1
No.2
No.3
No.4
r l /b=5.0/50=O.1
r 2/b=8.7/50=0.17
r 3/b=15/50 =0.3
r 4/b=26/50 =0.52
One can interpolate the results to construct the curve of ~* versus
t* for ~/b=O.5,z/b=0.4 and each rib curves are compared to the drawdown
data as ~hown in Fig.2.7, they can be matched satisfactorily to the field
data.
At the match point where ~*=3.l,t*=1.3xl03, one reads ~=lxI02cm and
t/r 2=lxlO- 3sec/cm2 . From Eq.(2.20), the permeability can be calculated
*
- Q~k-21Tb~
3
7.0xlO x3.l
(2x3 . 14 ). (5 . 0x10 3 )0( 1 • 0x102 )
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From Eq.(2.2l), the compressibility factor can be calculated
105 t*
or= 5.Om
• r= 8.7m
A r=15.Orn
o r=26.Orn
10"
Q=7 .Oxl0 3an3/sec
l/b =0.5
z/b =0.4
10-3 10-2 10-1 t/r2 (sec/an2 )
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I
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Theis solution
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Fig. 2 • 7 Analysis of drawdo'Wll test data for partially penetrating wells
in theeonfined aquifer.
2.4.2 Jacob's Method Ajusted for Partial Penetration
The same data are analysised by the Jacob's Method Ajusted for Par-
tial Penetration, the values of the slope for each observation well are
nearly same as shown in Fig.2.8, therefore the permeability can be ob-.
tained from the slope of straight lines and Eq.(i.26)
2.30Q 2.30x7.0xl0 3 -3
k=4nbm---4x3.l4x5.0xl03x40 6.4lxlO em/sec
o r= 5.Om
• r= 8.7m
.. r=15.Om
D r=26.Om
200
z;(cm)
. 2 8 Semi-log plot of drawdo'Wll data for partially penetrating wellsFlg. • (3 3/ )in the confined aquifer for Q=7.0XlO em see.
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The compressibility factor can be calculated from the time(t/r 2 ) in-
tercept on the zero-drawdown axis, but for the effect of partial pene-
tration, different values of t/r 2 are obtained from respective data of
the observation well, as indicated in Table 2.1.
r (m) 5.0 8.7 15.0 26.0
rib 0.10 0.17 0.10 0.52
2/b 0.5 0.5 0.5 . 0.5
z/b 0.4 0.4 0.4 0.4
f
s
1.486 0.833 0.392 0.147
t/r" 2.3x10- 6.3x10- 1 L5x10- o 1.5x10- b
S 1.47x10- 8 2.09x10- 8 3.20x10-· 2.51x10""'8
s
(em-i)
Interpolating the parameter 2/b,z/b,r/b in Eq.(2.18), the values
f (r/b,2/b,z/b) are obtained for each observation well by numerical cal-s
culat:i,on. Using Eq.(2.27), the compressibility factor can be calculated
as indicated in Table 2.1 and its average value is 2.32x10- 8 em- i •
In the same field the pump test was performed using an average rate
of Q=4.33 x10 3 em 3 /see for a period of 30 hours.In this case, the perme-
ability can be obtained from the slope of straight lines in Fig.2.9.
k=2.30Q
41fbm
o
o r= 5. om
• r= 8.7m
0& r=15.om
100
200.
a r=26.om
r;;(cm)
300
F · 2 9 Semi-log plot of drawdown data for partially penetrating wellsl.g ••
in the confined aquifer ( for Q=4.3xI03cm3/sec).
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The compressibility factor can be calculated as indicated in
Table 2.2, its average value js 1.97xIO- 10cm- 1 • This value is vary small
compared to the value of the pump test using an average rate of 7.0xlO'
Clli'/sac. This discrepancy is discussed in paragraph 2.5.
Table 2.2( for Q=4.333xlO'cm' /sec)
r(m) 5.0 8.7 15.0 26.0
rib 0.10 0.17 0.30 0.52
~/b 0.5 0.5 0.5 0.5
z/b 0.4 0.4 0.4 0.4
f 1. 486 0.833 0.392 0.147
s
t/r~ 2.0xIO-~ 5.0xlO-" 1.2xlO- e 3.0xlO- a
S 9.56xlO- u 1.24 10-IU 1.92 10- 10 3.76 10- 10
s
-1Ccm
2.5 Discussion of Analysis of Pump Test Data
Volumetric Strain(Ev )
Fig. 2 .10 The behavior of 0'- £ v
small.
A pumping test aims at finding coeffi-
cients of an aquifer befor a ground
In section 2.3 some methods of Analyzing Field Data are given and in
section 2.4 the example calculations for the methods are shown. Compar-
ing these methods with Theis' and Jacob's methods, which can evluate an
anisotropy of permeability and the aquifer thickness,proved that they·
would be more effective than Theis' and Jacob's methods.
Using Jacob's method, the various values of compressibility factor
for each observation well are obitained. Therefore the constant com-
pressibility factor can not be calculated. Sometimes, Jacob's method
results a big variation for a compressibility factor~of second to third
power in difference.
In section 2.4, different compressbilityfactors are obtained for each
average pumping rate,that is, S =2.32 xlO- s cm- 1 , S =1.97xIO- 10cm- 1 are
s s
are obtained from Q=7.0xlO'cm '/sec, Q=4.33 xlO'cm'/sec respectively.
This discrepancy is considered as follow.
General behavior between of the ef-
fective stress(o')-volumetric strain(£ ) is
v
shown in Fig.2.10. From Fig.2.10 it is
evident that the comprssion factor is
small as the average pumping rate is
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(2.29)
(2.30)~=x/2/k/S t
s
..1-. =erfc (~)~o
where
excavation. In the actual excavation the drainage rate of water is larg-
er than the pumping test. Thus, the compression factor must be assumed
a larger value than that obitained from pumping test.
For example consider the
confined aquifer as shown in Fig.
2.11. In this case the drawdown
for unsteady state is obtained as
follows; [4]
100.10.01
Fig.2.11
Excavation trench in a confined aquifer.
0.2
0.8
l.ot-------~
0.6
0.4
and ~ is drawdown, ~ is drawdown
o
at the face of excavation, and
erfc(~) is the complementary func-
tion of the error function i.e
erfc(~)=l-erf(~) (2.31)
The numerical result of Eq.
(2;29) is shown in Fig.2.12. If
a large S is given in Eq.(2.30)
s
the value of ~ becomes a small
value, then from Fig.2.12 the
drawdown ~ at the distance x
from the excavation face becomes
small.
For this reason if the value
Ss obtained from small pumping
rate is used in the analysis of Fig.2.12
the ground excavation, the larger The numerical solution of erfc (~)
result of the analysis must be
obtained comparing with the actual drawdown.
In the actual excavation analysis, sometimes this discrepancy has
happened. For this cause in traditional notion,it has been cosidered that
the permeability coefficient obtained from pumping test is largp.r than
that of .the aquifer. Therefore the ~ompressibility factor has not been
watched. However, from the above evaluation, it becomes clear that the
drawdown in the actual excavation is smaller than that of the analysis.
On the other hand, it can be considered that the permeability coeffi-
cient is independent of the pumping rate from the analysis in section
2.4.
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V =-k ~
z Z dZ
3. Analytic Solution for partially Penetrating Well in an Unconfined
Aquifer
The subject of this investigation is the flow toward a single well,
partially penetrating an unconfined aquifer that in infinite in lateral
extent. The saturated region is unconfined, possesing a free surface
that is initially horizontal. The velocity distribution in time and space
within the porous aquifer is obtained for various pizometric head func-
tions in the well. Then it is possible to relate quantities, such as
free surface drawdown, well discharge flow rate,and piezometric head with
aquifer parameters and answer some pertinent questions regarding the be-
havior and characteristics of this physical system.
First, certain physical assumptions about the problem need to be made.
Each one restricts in some way the applicability of the final solution
to the real physical problem and determines the nature of the mathematica]
model of the situation.
(1) Flow within the porous medium obeys Darcy's Law.
(2) The water is assumed to be incompressible and the porous matrix
rigid. This assumption is SUitable for unconfined aquifers where stor-
age yield corresponds to a lowering of the free surface with essen-
tially no compression of the porous matrix or volumetric expansion
of water.
(3) Only single phase (or saturated) flow occurs in the aquifer.
(4) Capillarity is neglected at the free surface.
(5) The porous medium has homogeneous, constant, anisotropic perme-
ability.
(6) The effective porosity or specific yield of the aquifer is as-
sumed to be uniform and constant.
(7) The well is assumed to have no surface of seepage.
(8) Head losses through the well screen are neglected.
3.1 Basic Equation and Solution
The physical situation is one of three-dimensional flow with axial
symmety as shown in Fig.3.1. Thus cylindrical coordinates are the natu-
ral selection. The origin is taken to be on the well axis at the level
of the horizontal free surface at time zero •
• Darcy's Law gives
V =-k ~
r r dr
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Applying the equation of cotinuity for incompressible flow yields
Laplace's equation for the potenti~l,
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C3 .1)
z
Unconfined aquifer
Impervious bottom
at all points of the saturat-
ed aquifer.
The boundary conditions
for this problem as follows:
(1) The free surface is a
boundary whose location in
space and time is unknown be-
fore the problem is solved.
Therefor, let z=s(r,t) desig-
nate the free surface. Since
... . .. ... .,.'. : .
... '.
.......... '. '.' .
" .... ,,:.,
-"""C-~-.... .... ' .: ·T.·: : .
.' .. .. ','
N
Fig.3.l
atomospheric pressure over the Partially penetrating wells in an confined aquifer.
free surface is taken to be
zero, the defining equation for h becomes
(at Z=1;; ) C3.2)
The kinematic boundary condition comes from the fact that particle
initially on the free surface remains on the free surface as the surface
moves. Mathematically, this means that the derivative following the motion
of the equation defining the free surfsce must equal zero. Thus,the non-
linear; kinematic, free~surface boundary condition,
where S is the effective porosity or specific yield.y
(2) On the no flow across lower boundary,
dhaz = 0
(3) A log the well (-12<Z<-11~
-1 1 dh
lim 2nk r J ----dz=-Q
r+O r -1 2 dr
Initially the free surface is horizontal. Thus,
(3.3)
C3. 4)
h(r,t)=H (at t=O ) C3.6)
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1 1 R.t+R.*/2+z*+{(R.t+R.*/2+z*)2 +r*2}1/2
~** =----1To*[-4- log 2 /~ R.t-R.*/2+z*+{(R.!-R.*/2+z*) +r*2}1 2
R.t+R.*/2-z*+{(R.!+R.*/2-z*)2 +r*2}1/2
R.t~R.*/2-z*+{(R.!-R.*/2-z*)2+r*2}1/2
00
-I coshA(1+z*):sinhA(i*/2).coshA(1-f!) ex (-AttitanhA)'J (Ar*)dA
o As~nhA'coshA p 0
where
00
sinhA(R.*/2)·coshAR.!·coshAZ* 'exp(-A)'J (Ar*)dA ]
AsinhA 0+/o
~**=~*/Q* =~k H/Q
r
t** = £t*=k tiS H
z y
<3.17)
<3.18)
C3 .19)
Substituting k =k =k in Eq.(3.17), the solution for an isotropic
r z
aquifer is obtained as the same form of Eq.(3.17).
3.2 The Effects of Partial Penetration
Considering the shallow the penetration of a pumping is the more su-
perior the effect of partial penetraton becomes, the effect of partial
penetration on the drawdown around a pumping well for i/H=O.2 is shown
in Fig.3.2. The variations are around a well in an isotropic aquifer
(k=k =k ). If the observation well is relatively large distances(r/b>1.2)
r z
the time-drawdown is give by the Theis'formula. In other words, the draw-
down in such well is not affected by partial penetration; it is the same
as though the pumped well completly penetrated the aquifer. The same re-
sult is obtained from Fig.3.3 in the case of R./H=O.4.
In Figs.3.4a,3.4b, the effect of pumping well penetration is shown.
It is appear that for the observation well setted in relatively small
distances( r/h=O.3), the effects of partial penetration is striking. On
the other hand, for the observation well setted at r/b=O.6 its effect is
not so striking.
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This is mixed boundary-value problem with a non-linear boundary condi-
tion at the free surface. Note that time appears only in the boundary
conditions and not in the partial differential equation.
It is now appropriate to introduce dimensionless variables
h*=h/H, z*=z/H, s*=s/H, t*=t/to' Q*=Q/(kr H
2)
R.*=R./H
and r*=.L../k /kH z r
C3.8)
to is the time scale factor.
Writing the system equations in dimensionless from gives the follow-
ing set:
Differential Equation
Boundary Conditions
ah* ah* ah* 2 E( ah*)2=O~ + E~ + E(ar*) + az*
s*=h*( r*,z*,t*)
z*=s*
(at z*= s* ) C3 .10)
C3.ll)
Ilh*
az*
o C3.12)
lim r*
r*....O
ah*
ar*
Q*
21fR.* C3 .13)
h*=l
Initial Condition
r* ....oo C3 .14)
h*=l (at t*=O) 0.15)
The parameter E is defined as
C3 .16)
When E is small, perturbation expansion techniques may be used to linea-
rize the problem. The dimensionless drawdown s~ is solved[5,6]
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3.3 Methods of Analyzing Field Data
In evaluating the results of a pumping test where partial penetra-
tion must be considered,i.e. where r/b<l.2, one needs to know the geolog-
ical conditions of the aquifer under investigation.
In the field of hydrology, an basic methods of analyzing field data
have been developed; Log-Log Method for an isotropic aquifer and Log-Log
Distance Drawdown Method for an anisotropic aquifer.
Both of the above methods require data that are measured in observa-
tion wells at some distances from the pumping well.
3.3.1 Log-Log Method
In the log-log method, one can use graphical method similar to Theis'
MethDd. Knowing the values of i/H,i 3 /H and z/H,one can prepeare a graph
of 10gs** versus log t~ for the appropriate r/H between pumping and ob-
servatiom wells from Eq.(3.17). As is evident from Fig.3.5 separate curve~
will have to be prepared for each observation well, unless the values of
the three ratios (i/H,z/H,r/Hl are identical.
When the drawdown data from each observation well have been plotted
on log-log paper with the same dimensions per cycle as used above,
L/H=1.3 L./l!=O.65 zjHo(l.5
.
.
~.
0.1
c)
"~
..
"o
OJ
..
..
~
c
o
.~ 0.01
c
.~
o
0.1
Dimensionless time, t**
10 100
Fig.3.5 Relation of log s** versus log t** from Eq.(3.17)
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Drawdown characteristics for partially penetrating well in an confined aquifer
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Drawdown characteristics for partially penetrating well,in'an'confined aquifer
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one can match the field results to the theoretical curve in the same man-
ner as is done when using the Theis' curve and chapter 2.
When the curves are matched, one can read the dimensionless parame-
ters that correspond to each point of field data. It will be found that
one can also choose any point of the curve of field data and still obtain
the same result by using the appropriate values of ~~ and t~ for that
particular point.
An equivalent value of ~~ can be determined ror any ~, measured in
the observation well and an equivalent value of t**, for the correspond-
ing value of real time,t. The permeability can be calculated from Eq.(
3.18)
k=~**Q/Z;H
(3.20 )
and the effective porosity from Eq.(3.l9)
5 =kt/t** H
Y
3.3.2 Log-Log Distance Drawdown Method
(3.21 )
" Log-Log Distance Drawdown Method " is a variation of " Log-Log
Method"
The charcteristics of the aqufer k,k and 5 may be obtained by
r z y
matChing the measured drawdowns and the theoretical curve from Eq.(3.l7).
For this purpose the values of ~*,~l (pumpimg well) and z* (obser-
vation well) have to be inserted in Eq.(3.l7); ~** becomes a function of
t~ and r*. A set of curves ~** -t** for different constant r* are to be
drawn on a log-log paper. Since most anisotropic aquifers have k /k <1,z r
r* has to be smaller thanr/H.
The measured drawdowns have to be repreasented on a similar logarith-
mic paper. By matching them with one of the curves of the set, five val-
ues are obtained. r* is obtained from the best fitting curve, an equiva-
lent value of ~** can be ditermined for any Z;, measured in the observa-
tion well and an equivalent value of t**, for the corresponding value of
real time t. Since r,H and Q are known, the values of kr,kz and 5y may
be easily found from next equations.
k =~~Q/~H
r
k =(r*H/r)2k
z r
S =tk /t**HY z
(3.22)
(3.23)
(3.24 )
l~~
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3.4 Analysis of Pump Test Data
The following discussing gives example calculations for the methods
discussed above. The pump test data are taken from real aquifers project
that is located in Kyoto City.
Observation
wells
10.OSm
Fig.3.6
7he geologic condition of the field.
Pumping well I..::.~:t..
The geologic conditions obtained
from wells logs is shown in Fig.3.6.
The wa~er level in the sandy layer
is G.L.-llm and the aquifer of sandy
layer is revealed an unconfined a-
qufer. A test well to check the
thickness of the sandy layer was
penetrated into the depth of G.L.
-30m, however, the thickness could
not be ascertained. The pump test
data are taken from a hypothetical
case where both pumping and observa-
tion wells partially penetrate the
aquife~ of unknown thickness. The
depth of penetration in each observstion well is 5m and that of penetra-
tion in the pumping well is 13m, as shown in Fig.3.6.
The pump test was performed on this project using an average rate of
7.0 x l0 3cm 3/sec for a period of 5 hours.
As a first trial in analyzing the drawdown data of this pumping test,
H=50m was assumed, trial curves were compared with the drawdown data.
Trial curves did not give a good match.
3.4.1 Log-Log Method
A second trial curves of ~** versus t~ was constructed on the as-
sumption that H=lOm. Trial curves either did not fit the field data.
A third trial of H=20m was assumed, the parameter ~*,~~ are obtained
for the pumping well
~*= ~/H= 13/20 =0.65
~~= ~3/H=6.5/20=0.325
Observation wells also have penetration of 5m,
z*= z/H= 5/20= 0.25
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and radial distances of each well to obtdin
No.1
No.2
No.3
r~= 2.25/26 =0.113
r~= 5.40/20 =0.270
r~=10.05/20 =0.50
One can interpolate the results to obtain the curve of s~ versus
t** for 1*,1',z* and each r~. Curves are compared to the drawdown data
~
as shown ih Fig.3.7, they can be mached satisfactorily to the field data.
*
*50 u 1
No. 1 (r 2.55 m)
No. 2 (r 5.40 m)
No. 3 (r 10.05 m)
,...., point
a 10<J
'-'
I..J'
7000 em 3/sec
5 ~1 H .. 20 m
J. .. 13 m
Fig.3.?
Analysis of drawdown test data for partially penetrating wells
in the unconfined aquifer(isotropic)
Using the match point and Eqs.(3.20),(3.21), the permeability and
the effective porosity can be c~lculated as indicated in Table 3.1.
Table 3.1
Analysis of drawdown test data for partially penetrating wells
in the unconfined aquifer(isotropic)
rem) 2.55 5.40 10.05
r. (em) 27.5 15.5 10.0
t(sec) 6.2xl0 3 2.75xl0 3 2.75xl0 3
1:.** G.60 6.34 0.22
t** 6.00 2.65 2.65
k(cm/sec) 7.64xl0-2 7.68xl0-2 7.63xl0-2
By 3.95xl0-2 3.99xl0- 2 3•.96xlO-2
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Table 3.2
Effective porosity from Jacob's Method
Fig.3 .8 Semi-log plot of drawdown data
for partially penetrating wells
in the unconfined aquifer.
• r= 5.4Om
o r=lO.05m
Q=7.0xl03cm3/sec
• r= 2.55mo
l;(cm)
30But the various effective
porosity for each observation
well are obtained as indicatec
in Table 3.2. The major cause
for this discrepancy must be
the effect of partial penetra-
tion.
By the way, the same pump
test data was analyzed by Jaccb's
method as shown in Fig.3.8. The
10permeability obtained from the
slop of straight lines is as
follows:
202.30x7.0xl0 3 2
k= 4x3.l4X2.0xI0 3 XI3.5 4.75xIO-
cm/sec
3.4.2 Log-Log Distamce Drawdown
Method
r (m) 2.55 5.40 10.05
t/r 2 3.9xlO- 1t 5.4xlO- 1t 7.2xlO- 1t
Sv 8.3xlO- 2 1. 2xlO- 1 1. 5xlO- 1
Fig.3.9
The geological conditions of the
field.
Impervious bottom
I
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Puaping wellThe geological conditions obtain-
ed from wells logs is shown in Fig.
3.9. The water level in the sandy
layer is G.L.-ll.47m and the aquifer
of sandy layer is revealed an uncon-
fined aquifer. A test well to check
the thickness of the sandy was pene-
prated into the depth of G.L.-40.4m.
From the result of well logs, the
sand layer thickness is revealed
H=23.2m. This assumption is based on
that the clay layer that is regard-
ed as an impermiable layer lies at
G.L.-34.67m.
The depth of penetration in each
observation well is 4.23m and that
of penetration in the pumping well
is 6.93m, as shown in Fig.3.9.
The pumping test was performed
on this project using an average rate
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of Q=3.23 xl0 3cm 3/sec for a period of 24 hours.
The parameters ~*,~t are obtained
~* =~/H=6.93/23.2 =0.299
~~ =~3/H=3.46/23.2=0.149
Observation wells also have penetration of 4.23m
z* =z/H=4.23/23.2 =0.182
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One can interpolate these parameters in Eq.(3.l7), curves relating ~~
(= ~k H/Q) versus t~ (=tk /S H) at different value of r* (=(r/H)/k /k
r z y z r
have been computed numerically on a logarithmic paper as shown in Fig.
3.10. The drawdown ~ as function of t have drawn on similar logarithmic
paper and the measured points and theoretical curves have been match in
Fig.3.10. The values of r*,~** ,t~ ,r,~ and t at the matching points are
presented in Table 3.3. The results show an average anisotropy of kz/k
r
=
0.32 and k =1.92 xlO- 1cm/sec. k =6.04xlO- 2 cm/sec.
r z
t**
~ (em)
102 .
1
•
•
•
10
1.0
2 10' 10'
10
Q=3.23x l0'em'/see
H =23.2 m
£ =6.93 m
£,=3.46 m
z =4.23 In
102 t**
10' tisec)
Fig.3.10
Analysis of drawdown test data for partially penetrating wells
in the unconfined aquifer(anisotropic)
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Table 3.3
Analysis of drawdown test data for partially penetrating wells
in the unconfined aquiferlanisotropic)
r(cm) 300 900 2100
r* 0.10 0.15 0.40
~** 0.91 0.75 0.42
t*" 20 20 20
~(cm) 66 54 30.5
t(sec) 2.90x10 3 2.90x10 3 2.90x10 3
k (em/sec) 1.92x10- 1 1. 93x10- 1 1. 92x10- 1
r
k (em/sec) 1.15x10- 1 2.89x10- 2 3.74x10- 2
Z
S 7.18x10- 3 1.81x10- 3 2.34x10- 3y
Same data are analysised by the Jacob's method, the values of the
slops for the each observstion well are nearly same as shown in Fig.3.11,
therefore the permeability can be obtained from the slope of the straight
lines;
k 2.30Q41TH m'
• r= 3m
•
100
a()
u
•
Fig. 3.11
Semi-log plot of drawdown data for partially penetrating wells
in the unconfined aquifer,
The effective porosity can
be calculated from the time(t/r 2 )
intercept on the zero-drawdown
axis, but for the effect of par-
tial penetration, different val-
ues of t/r 2 are obtained from re-
spective data of the observation
well, as indicated in Tab1e3.4.
This discrepancy is very large.
Table 3.4
Effective porosity from Jacob's Method
rem) 3 9 21
t/r 2 4.30x10- 8 4.30x10- 8 1. OOxlO- 6
Sv 4.76x10-
s 4.76xlO- s 1.11x10- 3
A Analysis of Pump Test Data for Partial Penetrating wells
3.5 Discussion of Analysis of Pump Test Data
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In section 3.3 teo methods of Analyzing Field Data are given and
in section 3.4 the example calculations for the methods are shown.
Comparing these methods with Theis' and Jacob's methods, as these
methods can also evaluate an anisotropy of the permeability and the a-
quifer thickness as same as the methos for a confined aquifer shown in
section .2.3,2.4, therefore, they would be more effective than Theis'
and Jacob's method.
4. Conclusions
Analysises of pump test data for partial penetratin~ well in confin-
ed.or unconfined aquifer have been shown to determine the anisotropy of
permeability and to evaluate the storage coefficient and the thickness
of aquifer.
The conclusions obtained in this paper are as follows;
1) The unsteady analytical solution of phreatic flow to partially
penetrating wells in confined aquifer is shown.
2) Using this solution, three methods are provided to evaluated the
apisotropy of permeability and the compressibility factor
(or specific storage) of confined aquifer.
3) The unsteady analytical solution of phreatic flow to partially
penetra~ingwells in unconfined aquifer is drived.
4) Using this solution, two methods are provided to evaluate the
anisotropy of permeability and effective porosity (or storage
yield) of unconfined aquifer.
5) The limitations of adapting Theis' and Jacob's methods for par-
tially penetrating well test in confined and uncofined aquifer
are given.
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